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BAKER. FORMUL/E I'OR THE AREA OF A PLANE TRIANGLE. II 

we obtain as their internal product 

a \ b = («,f, + (hc^) (^9,^2 — ^2^,) 

= «i/3i + "-»%■ 
Similarly we find for the internal square 

a \ a ^ a,^ -|- a.^. 
[to be continued.] 



A COLLECTION OF FORMULAE FOR THE AREA OF A PLANE TRIANGLE. 
By Mr. Marcus Baker, Washington, D. C. 

[continued from vol. I, P.\GE 1 38.] 
GROUP II. part I. 

J = 

32. ll/8;«/ {a" -\-l^ — 2w,V^«^=~^f 



35. \h,{Va' - K' + VlP^-h^ 

34. Wm[^-+'-^^\^-w[}^ + '-^ 



35. \VAm,hn,' - [f J^ - (»4^ + m})J = ^Vm.hn}- K 
where 2k^ = fa^ — {m,,^ + mj'), etc. 



^ 2 {h' - /^/) 



37. \K{V Am,"- - A/ + 1/4^/ -h}) 

38. -^a^. 



39. \VabhX = i 7 



I 



12 BAKER. FORMUL.K FOR THE AREA OF A PLANE TRIANGLE. 

GROUP iL PART 1. — Continued. 



40.* K\ [li.^ + V {mj - IC) iflj - /ij)'^ [^^ hl y, - I 



.\ A'-A.' 



41- i/'a(^i«' + mj-kj + a \/mJ - kj + I'' ^a' + mj - /t' - a V m,' - /ij) 



42. 



= ¥'a {y\c^ + k^ + ak + V\a^ + k,f — ak\ where k, = /«„== — K\ etc. 



rt/^ 



43. :^2{^-^if^^mr) 

44. /^„ (i/<^ - V ± i/w? -7^?) 

45-t ^ {aVW^~l? + ^ l/^ie^'^=^) 



46, 2F? [(/ - 2;.r2) v/(^ - 2^'^) ( I - ^ + 2^:^) 



+ (^ - 2X') V{f-2X^){X -f +2X^)1 
til —I 27// 2/// I J// * 

where f = " ^ ^ — - , f = — " T, '' , and a- (= sin (7) is to be found from 
the equation 



^ = l/(/ - 2;r^) (I - ^ + Yx^) + l/(7- 2;,r2) (f-/ + 2x\ 

*If /( and (1> are auxiliaries determined from the equations cos fi = — ?- and cos (p = ^ , then 

f/ta Pa 



A = '^«' J sin2(//. — ^) 
cos/i\ sin 2^ 

[For this elegant expression I am indebted to my friend Mr. Charles H. Kummell, of the U. S. Coast 
and Geodetic Survey.] 



fVy?yta' — A2 + V/ev,,,^ _ a^ == i (^/'"^'l^. ' 



BAKER. FORMUL-E FOR THE AREA OF A PLANE TRIANGLE, 1 3 
GROUP n. PART n. 

48. ^ai) sin C 

J 2 sin i) sin C ^a^ 

5°- '^" smA~ ^ cotB + cotC 

5 1 . U/^ ^'"-d-^ = 4A/ (cot 5 + cot C) = M,2 (sin 2^ + sin 2 C) 
•' '= sin i? sin C '^ ^ / i ' \ I 

,, , ,,, sin^sini? ,/ , . d , r2 • /i. K'^^ — f>^) 

5 2. A(rt' — If') ^-tj m = i(« sin 25 + /;2 sin 2.^) = — f-^T- f-=,- 

-' -"^ 'sin(.^ — B) *^ ' cot^ — cot/? 

... 2 . 2, sin ^ sin J? i ... tan ^A tan B tan ^C 

53. ^ (A. - A„ ) ^^jz^^ ■ -^^ - y/^./^* cos^ 

. . tan ^^ tan ^i? tan ^C 

"" ^'" ' ^cos"X(i — tan^^^y 



54 

55 
S6, 
57 
58, 

59 
60, 

61 

62 

63 
64. 

65 
66, 



2»?„^ sin ^ sin B sin C 



2 (sin' A + sin' 5 + sin'X") — 3 sin' A 
2 (mj — ;«„') 



3(cotyJ — cot i?) 

\V^mimf—\(^I?Y\vFA^^'(mf^m-^J 

2R* 

— 5 sin A sin i? sin C( — sin^ A + 2 sin' B + 2 sin' C ) 

4W„' + 3«' 



8 (cot ^ + cot 5 + cot C) 

4 {m^ + ^^t' ) — 3^ 
4 (cot ,^ + cot i9 + cot C) 

^'^«^sin5^-^'"(^+4^)^'"(^ + *^) 

ie/;,. sin ^ 

irt;9„ sin {C + \A) 

/?' sin 2A{i + cos C) 

,^a sin B sin C" = Ra (cos yJ + cos B cos C ) 

,/?/?„ tan A sin 5 tan 2 C 

Ri3^ tan ^ sin B tan i Csin (C + \A) 



14 BAKER. FORMLL.K FOR THE AREA OF A PLANE TRIANGLE. 

GROUP IL PART II. — CoutillKcd. 
J = 



67 



4 sin {C -\- \A) cos \A 



4 cos \A 
69- W(^ + f) [j+'j taniA 

_ , 3 , sin (5 + 4/i) sin {A -f45) 
70. ,A<^, ^j^^^-^^ 

3 ? 3 — j3„sin M + /?t sin \B + Asin|-(7 
7 1 • iU\ c _ ^^^^ ^^j^ + ^A cos i5 + A/9, cos i C 



72. irt sin .5 {a cos 5 + l/^^ — a^'s\n^ B) = ^5 sin ^ {b cos .^ + l/a^ — ^^ sin' A) 

GROUP III. PART I. 

73. sr = {s — a) r„ 



74. \r{y 2ma + 2Wj' — »// + V 2m^ + 2w/ — m^ -{■ V 2in^ + 2»«/ — nii) 



= J''a (V''2^«„' + 2m^ — ;«/ — V 2mi + 2w?/ — w/ + V 2;«/ + 2m^ — m^) 



75- 









s s — a 



78, 



79- ^l 



1+1+ ± _l+±+l 



I 4^ 4^ 4 J I4 4 "^4 J I4+4 4 

"J^l+l+M fl_''l+ M (' +1_ 
,.^4 ^4 J I4 4^ 4 J I4 4 / 



BAKER. FORMUL.^J FOR THE AREA OF A PLANE TRIANGLE. 1 5 

GROUP in. PART II. 

80. a{ — /?„ sin M + ;3j sin hB + /?, sin i C) 
^ 25 ((3„ sin 5^ + /3^ sin i.5 + /3„ sin ^C") 

\ ' ' ' L cos ^ + COS .5 + COS (f — I J 

_ I .., o o r^os (A-B) + co s (^ - C) + cos (C - ^) H-Tl 

-^ 2KiUhiic]^ zr-c-os:4-+^oF^H^Tos C+ I J 

82. / tan \A tan i^ tan ^C= (.y — of tan ^^ cot -^5 cot \C 

83. r^ cot Meet 1^5 cot ^(7= r„^ cot ^/i tan ^^ tan ^C 



GROUP IV. PART I. 



84. « = a 

ra — r n + r, 

O, n + n ''a — '' 

86. {a+b)-^={a-b) '""''* 



87. rr„ 



n — r, _ r + r„ 

-y^c -"'"''' T^c 



shj-^ _ {s — a) h„r 
K-\r 2r^'~' ha — 2r 

92. ^ 






=v 



''Z.^c 



L , iVTTTZTTim 



4 + /%, + /!j L /Z„ "^/^."^^J 



l6 BAKER. FORMUL.E FOR THE AREA OF A PLANE TRIAXGLE. 

GROUP IV. PART II. 
J = 

9 5. r r„ cot ^A = r,,r., tan \A 

GROUP V. 

94. r^ cot \A + 2Rr sin ^ = i\- cot -J-^^ — 2./?r„ sin ^ = ;v cot \A — 2R)-,, sin ^ 
= r,- cot -J- ^ — 2Ri\ sin ri. 

MISCELLANEOUS EXPRESSION'S FOR THE AREA OF A PLANE TRIANGLE. 

If we designate the distances from the orthocentre to the sides of the tri- 
angle by k^, k^, kc and from the orthocentre to the vertices by k^', k,! , kj , then 

95. ^ = \ {aka + bkb + ck^ 
96.* J = i {akj -\- bk,: + ck;) 

97.* J = -— = [if'k,! cosec A + b^k,! cosec B + c'-k^ cosec C). 

If we designate the distances between the centres of the escribed circles by 
da, d,,, d„ then 



98.* J ^ \V 2d,4bdrr sin A sin B sin C 
d„dkd.r 



99. J: 



■ 16./?^ 

da,did^ 



ICO. J = -^- sin \A sin ^5 sin \C 
4K 



d 



If x^ja, x^yi, x^y^ designate the rectangular co-ordinates of a triangle in a 
plane, then 

102. J = i[ya {x, — x,) + y, (.r, — x,) + y, {x, — x,,)] 
and, in polar co-ordinates, 

103. J = i [r„r, sin (d" - d') + r,r. sin (#'" - d") + r,r, sin (^' - 6"')]. 
If the equations of the sides of a triangle are 

^aX + b^y + c^^o; a^x + b^y + c„ = o ; a,x + b,y -\- c,~o, 
then 

1 04- —^L {a,jb„ — baa,)(aj), — b„a^{aj>^~b,a^ \ 

*Tidsskriftfor Mathematik. 8°. Copenhagen, 1884, 5th Series, Vol. I, No. 2, pp. 78-79. 
Mathesis. 8°. Gand, 1884, November, Vol. IV, p. 232. 
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If the co-ordinates of the vertices of a triangle are x,„y,^, z^; Xt,ji„ z,,; x^, 
y„ z„ and 



a = x2 + y^ + z,f, 
fi = x,'+ j/ + z,' , 

r = ■*«" + 7/ + ^0' ; 



^ = x^x, + y^y, + Ziz„ 
11 = x„x„ + y,y^ + z^„, 
V = x„Xi + yajh + z„z,, ; then 






I 


I 


I 


I 





V 


/^ 


I 


v 


i3 


A 


I 


f^ 


; 


r 



105.* 4^^ = 



or, without determinants, 

if = 2a'<^ + 2^<r' + 2^«' — «< _ ^* ^ f *, 

where a^ = (.^t — x.f + ( j^ — j^)^ + {z^ — z.J, 

9={x^- x,-)' + ( j„ - :^„)^ + (z, - ^„)^ 

^ = (^a — X^^ + ( Ja — Jt)' + (^<. — ■Si)', 

and if a, /9, >", ^, /< and v, have the values set down above, then 

<^ = r + « — 2/^, 

^ ^ o + /3 — 2v, 
and /P = 2 (a + /9 - 2v)(/? + r- 2-1) - (« + ^ - 2v)^ 

+ 2 (/9 + r - 2>i)(r + a - 2//) - (/? + r - 2>^)' 

+ 2 (r + « — 2/u)(a + /9 — 2v) — (r + a — 2;/)^ 
which reduces to 

j^ = 4(; + // + v)^ - 8(«>i + /9/i + rv) + 4(«^ + /?r + r«). 

106. A = ^^{s-d) D2 -^{s-b) A' + {s-c) D! - sff^ where D, D,, D„ 

A are the distances between the circumcentre and the in- and e-centres. 

107. J = /^K, where K is the area of the triangle formed by joining the feet of 
the medians. 



*Giornaledi Matematiche, Naples, 1884, July, Vol. XXII, pp. 207-8. 



1 8 PROBLEM AND SOLUTION. 

1 08. J:^ ^ ^5 7=., where L is the area of the pedal triangle or tri- 

2 cos A cos B cos 6 i- & 

angle formed by joining the feet of the perpendiculars. 

109. A = M v^ + >y ~r '^A'^ -r a) ^^^^^ j^ j^ ^j^^ ^^^^ ^j- ^j^^ triangle formed 

by joining the feet of the internal bisectors. 

110. J = — . N, where A'' is the area of the triangle formed by joining the 

points of tangency of the in-circle. 

Concluding Note. — Owing to some changes and additions in the foregoing 
article made since its original preparation and while in press, the statement on 
page 13s, Vol. I, that "the total number of formulae * * * in this collection 
is ninety-three" etc., is no longer true. 

The number of formulae in the collection is shown below where the second 
column shows the number that result from counting as distinct those formulae 
arising from permutation. 

Group I, 31 31 

Group II, 41 123 

Group III, 1 1 44 

Group IV, 10 60 

Group V, I 12 

Miscellaneous Group, 16 18 

Total, no 288 

[In the original manuscript all the forms arising from permuting the letters 
were given in full. To save space in printing, those forms which arose from 
mere cyclical permutation were omitted. — 0. S?[ 



PROBLEM AND SOLUTION. 

By Dr. J. E. Hendricks, Des Moines, Iowa. 

Problem — To inscribe a rectangle whose sides are c,x in another rectan- 
gle whose sides are a,b, and express x in functions of a, h, and c. 



